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All extensions of a combinatorial geometry G are determined which can be 
obtained adjoining a unique line. The result is achieved investigating Dilworth 
structures and modular cuts of Dilworth truncation of G. 
1. INTRODUCTION 
One of the main problems in the theory of combinatorial geometries is to 
find-whenever a geometry G is given-all geometries G’ containing G as a 
subgeometry and satisfying some given properties. Unfortunately, no general 
result is presently known on this subject. The most natural question is the 
following. In how many different ways can a closed set C-having a given 
rank-be added to G? It is well known that this problem has been solved 
only when C is a point; the leading idea was the notion of a modular cut (see 
121). 
In this paper the geometries G’ obtained adjoining to a geometry G a 
unique line are characterized; the main tool is a previous result by the author 
on Dilworth truncations [7]. 
The reader can find the general theory of combinatorial geometries in 11, 
4, 81; here just some notions and results will be mentioned. The 
combinatorial geometries which will be considered are always defined on 
finite sets; moreover, following Crapo and Rota [4], a geometry will always 
mean a combinatorial geometry. 
Let G = G(X) be a combinatorial geometry on the set X and r its rank 
function. A family 5 of closed sets in G is a modular cut of G if the following 
hold: 
( lt) if C E r and C’ is a closed set containing C, then C’ E 7; 
(2,) if C, C’ E T and (C, C’) is a modular pair, i.e., r(C) + r(C’) = 
r(C U C’) + r(C n C’), then C n C’ E t. 
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A geometry G’ = G’(XU z), z being any element not in X, with rank 
function r’, is called a simple extension of G = G(X) if G’ induces the 
geometry G on X and r’(G’) = r(G). The following can be proved [2]. If 
G’ = G’(XU z) is a simple extension of G = G(X), then the family 7 of all 
closed sets C in G such that r(C) = r’(C U z) is a modular cut of G which 
contains no point. Furthermore, the following theorem is true [2]. 
(1.1) If 7 is a modular cut of G = G(X) containing no point, then a 
unique simple extension G’ = G’(X U z) of G exists such that a closed set C 
in G belongs to 7 $r(C) = r’(C U z), r and r’ being the rank functions of G 
and G’, respectively. 
Thus a one-to-one and onto correspondence arises between the set of 
modular cuts of G which contain no point and the set of its simple 
extensions. From this standpoint, it is useful to recall also the following 
theorem. 
(1.2) rf G’ = G’(X U z) is the simple extension of G = G(X) defined by 
the modular cut r of G and a’, o are the closure operators in G’ and G, 
respectively, then: 
A zX, zEa’(A)oa(A)Er. 
Moreover, any closed set in G’ is either 
(1) a closed set in G not belonging to 7; or 
(2) a set of the form C U z where C E 5; or 
(3) a set of the form C U z, where C is a closed set in G not belonging 
to 7 which is covered by no closed set in G belonging to T. 
In what follows, provided no ambiguity can arise, the closure operator of 
a geometry will be denoted by the usual symbol ; thus, 2 denotes the 
closure of a point set A. 
Next, assume r(G) = n + 1 > 1 and denote by R the set of lines in G. On 
R a new geometry Td(G) can be defined, namely the Dilworth truncation of 
G; to define T’(G) the following family Id of independent sets must be given 
(see 16, p. 161)): 
YcR, Y= {s,, s* )...) s,}EId~r(si,Usi2U-~~ Usij>j+ 1 
for any subset {Si,, silr..., Sij} c Y, 
r being the rank function of G. 
Such a geometry has rank n and three distinct lines in G are dependent 
points in Td(G) iff they belong to the same plane in G. 
34 FRANCESCO MAZZOCCA 
Let C be a closed set in G of rank greater than one; set 
LG(C) = {set of all lines in G contained in C); 
B, = {set of lines in G containing p}, for any p E X; 
D(G) = {B, : p E X). 
The following statements are easily proved. 
(1.3) If C is a closed set in G of rank greater than one, then Lo(C) is a 
closed set in p(G) of rank r(C) - 1. Moreover, a closed set K in Td(G) is 
connected iffa closed set C exists in G such that K = LG(C). Consequently, 
Td(G) is a connected geometry. 
(1.4) If K is a connected closed set in Td(G), p E X and K n B, # 0, 
then K f7 B, = K in Td(G). Furthermore, for any p E X, the closure of every 
non-empty subset of B, in T“(G) is connected. 
(1.5) Ifp, q E X, p # q, then any connected closed set in Td(G) meeting 
both B, and B, contains B, (7 B,. Furthermore, B, n B, # 0. 
In [7], in order to characterize the geometries which are Dilworth trun- 
cations, the following definition was made. 
DEFINITION 1. A family S of subsets of X-blocks-is called a Dilworth 
structure of G if the following hold: 
(Id) any two distinct blocks have a non-empty intersection and any 
point in G belongs to at least two distinct blocks; 
(Id) for any block B and any non-empty subset Y S B, ? is a 
connected set; 
(3d) tf B, B’ are distinct blocks both incident with a connected closed 
set C, then CzBnB’. 
From propositions (1.3), (1.4), (1.5) it follows that the already defined 
family D(G) = {B, :p E X} is a Dilworth structure of the geometry Td(G). 
Such a Dilworth structure D(G) will be said to be associated with Td(G). 
Let S be a Dilworth structure of G; in [7] the following theorem was 
proved. 
(1.6) If G is connected, then any block is a generator of G and two 
distinct blocks have precisely one common point. 
Next, set Fe(C) = {B E S : B n C # 0}, for any connected closed set C in 
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G, and Fk = {F,(C) : C is a rank h connected closed set in G}, for all 
h = 1, 2 ,..., r(G). 
In [7] the result stated below was proved. 
(1.7) FE-’ is the family of hyperplanes of a geometry G’ = G’(S) on the 
set S and, for any closed set W in G’ of rank greater than one, a unique 
connected closed set C exists in G such that Fe(C) = W. Furthermore, 
G’ = G’(S) is the unique geometry such that Td(G’) = G and S = D(G’). 
Finally, if p, q are distinct points of a geometry, (p, q) will denote the 
unique line containing both p and q. Moreover, a geometry G’ = G’(XU Y), 
Xn Y = 0, will be said to be an extension of G = G(X) if G’ induces the 
geometry G on the set X. 
2. A CHARACTERIZATION OF THE EXTENSIONS OBTAINED 
ADJOINING A UNIQUE LINE TO A GEOMETRY 
Let G = G(X) be a rank n geometry on the set X and Y a set skew with X. 
The rank function of G will be denoted by r. 
DEFINITION 2. A geometry G’ = G’(X U Y) on XV Y is said to be an 
extension of G by the addition of the unique line Y if G’ is an extension of G 
and the following hold: 
(1,) Y is a line of G'; 
(2,) any line L # Y in G’ which is incident with Y is connected (i.e., it 
contains at least three distinct points). 
Let G’ = G’(XU Y) be a extension of G = G(X) by the addition of unique 
line Y; it is straightforward that G and G’ have the same rank and r(G) > 2. 
Furthermore, the next proposition is easy to check. 
(2.1) The Dilworth truncation Td(G’) of G’ is a simple extension of 
Dilworth truncation p(G) of G. Moreover, for the Dilworth structure D(G’) 
and D(G) associated with r”‘(G’) and p(G), respectively, the following 
inclusion holds: D(G’) 2 D(G). 
Some more results will now be proved. 
(2.2) Let M= M(R) be a connected geometry on the set R of rank 
greater than one and M’ = M’(R’ = R U y) a simple extension of M. 
Moreover, let X and X’ be two Dilworth structures of M and M’, respec- 
tively, such that X’ 3 X. Under these assumptions, for any connected closed 
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set C’ in M’ of rank greater than one, the set C = C’ - y is a connected 
closed-set in M. 
ProoJ Set X’ = X U Y, where X n Y = 0; let p be a point in C’ - y and 
B an element in X containing p. Since X is a Dilworth structure of M, such a 
block B exists (see (Id)). The closure of B n C’ in M’ is precisely the set C’ 
(see [7, Proposition I]); therefore, the closure of B n C in M is the set C. 
From (2J it follows that C is a connected closed set in M and the statement 
is proved. a 
(2.3) Under the assumptions in Proposition (2.2), let G’ = G’(XU Y) 
and G= G(X) the unique geometries such that Td(G’) =M’, Td(G) =M, 
and D(G’) =X U Y, D(G) =X (see Proposition (1.7)). Then, if any block in 
X’ -X contains y, G’ = G’(XU u> is an extension of G = G(X) by the 
addition of a unique line. 
ProoJ: Let C’ be a connected closed set in M’ and set 
FM,(C’)= (BEXU Y:BnC’#@]. 
Recalling the results stated in Section 1, for any closed set W’ in G’ of rank 
greater than one, a unique connected closed set C’ exists in M’ such that 
W’ = FM,(C’). Consequently, the geometry induced by G’ on X has as its 
non-empty closed sets precisely the points in X and the subsets F,,(C’) - Y, 
where C’ is any connected closed set in M’. On the other hand, by 
Proposition (2.1), if C’ is connected in M’, then C = C’ -y is connected in 
M so that the following equality holds: 
FM’(C’) - Y = F&C = C’ -y). 
Thus, the geometry induced by G’ on X is coincident with G. Furthermore, 
G’ is an extension of G by the addition of the unique line Y, otherwise M’ 
would not be a simple extension of 44. The statement follows. 1 
Summing up the results in propositions (1.7), (2.1) and (2.3), the next 
theorem can be stated. 
THEOREM 1. Let G = G(X) be a geometry on the set X of rank greater 
than two and M a geometry which is a simple extension of Dilworth trun- 
cation Td(G) of G. For any Dilworth structure S of M, such that S r> D(G) 
and the additional assumption of Proposition (2.3) is true, a unique geometry 
G’ exists which is an extension of G by the addition of a unique line and 
satisfies both Td(G’) = M and D(G’) = S. In other words, between the pairs 
(M, S), where M and S are defined above, and the extensions of G by the 
addition of a unique line a one-to-one and onto correspondence exists. 
This theorem shows that the investigation of the extensions G’ of a 
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geometry G by the addition of a unique line is equivalent to the investigation 
of some special simple extensions of Dilworth truncation Td(G) of G. On the 
other hand, the latter problem-as it was remarked in Section l-is 
equivalent to the investigation of suitable modular cuts of p(G). Therefore, 
in the next sections the modular cuts of r”‘(G) will be characterized which 
the simple extensions associated with are a Dilworth truncation of some 
extensions G’ of G. 
In what follows, only geometries of rank greater than three will be 
considered; indeed, in these cases the problem of finding extensions by the 
addition of a unique line can be easily solved-as it will be seen-and does 
not depend on Theorem 1. 
Thus, assume the rank of G = G(X) is three, i.e., G is a plane geometry. 
Firstly, the following definition is made. 
DEFINITION 3. Let H,, H, ,..., H,, k > 1, be partitions of X into lines. 
The set rr = (H,, H, ,..., Hk} will be called a partial parallel G-structure if 
Hi n Hi = 0 for all i,j = 1, 2 ,..., k, i # j. 
Let G’ = G’(XU Y) be an extension of G by the addition of the unique 
line Y = ( y, , y, ,..., yk} and Hi the set of all lines L in G such that L U yj is a 
line in G’. It is straightforward that rc(G’, G) = (H,, Hz,..., Hk} is a partial 
parallel G-structure that will be said to be associated with the extension G’ 
of G. Conversely, it is easy to check that a partial parallel G-structure rr of G 
defines a unique extension G’ of G by the addition of a unique line for which 
n(G’, G) = Z. These results can be stated as follows. 
THEOREM 2. Let G = G(X) be a rank three geometry on the set X. For 
any partial parallel G-structure TT of G, a unique extension G’ = G’(XU y) 
exists of G, obtained adjoining the unique line Y, such that z(G’, G) = TT, and 
conversely. 
3. M-PROJECTIV~TIES OF A GEOMETRY M AND 
MODULAR CUTS CONSISTENT WITH DILWORTH STRUCTURES 
In this section some notions will be introduced which allow a reduction of 
the problem of investigating the extensions of a geometry by the addition of 
a unique line to the investigation of suitable modular cuts of its Dilworth 
truncation. 
Let M = M(R) be a rank r(M) = n > 2 geometry on the set R, r being its 
rank function. Let X, Y be subsets of R having size greater than one; assume 
a point p E R - {X U Y} exists such that 
0) sEX~l(p,q)nYI=l; 
(i*) q’E Yel(p,q’)nX]= 1. 
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DEFINITION 4. The mapping ]X, Y], defined by (i), 
[X,Y],:q~X-tq’=(p,q)nY~y, 
will be called an M-perspectivity between X and Y with centre at the point p 
whenever [X, YIP is an isomorphism between the geometries My and M, 
which M induces on X and Y, respectively. 
Remark. If r(X) = r(Y) = 2, then the mapping [X, Y], is always an 
isomorphism from M, onto M,; therefore, for any p satisfying (i) and (i”), 
this mapping is an M-perspectivity. Furthermore, from (i*) it follows that if 
[X, YIP is an M-perspectivity, then the same is true for [Y, X], and 
[Xv Y],‘= [YJ],. 
DEFINITION 5. A one-to-one and onto mapping f : X + Y will be called 
an M-projectivity between X and Y if it is the product of some M- 
perspectivities. 
It is straightforward that iff is an M-projectivity, then its inverse mapping 
f - ’ is again an M-projectivity. Of course, any M-perspectivity is a special 
M-projectivity. Whenever between two subsets an M-projectivity (an M- 
perspectivity, resp.) exists, they will be said to be projectively equivalent in 
M (M-perspective, resp.). Note that the existence of an M-projectivity 
between two subsets X and Y of R implies that the geometries induced on X 
and Y by M are isomorphic, but the converse is not true, Furthermore, if X 
and Y are subsets of a set R ’ and M’ is a geometry on R ’ such that 
M;i = Mx and Mb = M,, X and Y may happen to be projectively equivalent 
in M but not in M’. 
Obviously, if we consider the identity permutation on X as a projectivity, 
under the usual product of mappings, the M-projectivities of a set X E R 
form a group, FM(X). FM(X) will be called the group of M-projectivities on X 
and of course is a subgroup of the automorphism group of the geometry 
induced on X by M. The following open problem is worth mentioning: Let G 
be a subgroup of the automorphism group of M = M(R), under which 
assumptions an extension M’ = M’(R’) exists of M such that ,FM,(R) = G? 
DEFINITION 6. A family ST = {Xi : i E a} of subsets in R which are 
pairwise projectively equivalent in M and such that at least two of them are 
M-perspective, will be called a closed collection of M-projective sets if the 
following hold: 
(ii) Xi, Xj E ST, r(Xi) < r(X, U Xj) R there exists a unique M- 
perspectivity fj from Xi onto Xj; 
(iii) Xi, Xj E Sr, r(X,) = r(X, U Xi) w for any X,, X, E 5, if 
r(X,) < r(X, U X,) and r(X,) < r(X, U X,), then f h f 7 = f L f j”. 
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Next, assume M is connected and of rank greater than three and denote by 
S a Dilworth structure of M. Let r be a modular cut containing no point in 
M and M’ = M’(R U z) the simple extension of M, by the addition of the 
point z, defined by t (see proposition (11)). Assume for r the following hold: 
(iv) in M’ a closed set of the form C U z is connected tfl C is a closed 
connected set in M and belong to t; 
(v) for any block B E S a unique connected line t(B) E r exists such 
that t(B) n B # 0. 
Under these assumptions, if B and B’ are distinct blocks such that 
t(B) # t(B’) and p is their common point (see proposition (1.6)), set 
T(B, B’) = {x E t(B) : (x,p) n t(B’) # 0). 
DEFINITION 7. Let t be a modular cut satisfying (iv) and (v). A family 
of subsets P = {T(B) : B E S}, where T(B) c t(B) for any B E S, will be 
called a consistency S-structure of r if it is a closed collection of M- 
projective sets. When t, for which (iv) and (v) hold, has a consistency S- 
structure, it will be said to be consistent with S. 
Note that when r is consistent with S, several consistency S-structures of t 
may exist (e.g., see proposition (3.3)). 
Assume t is consistent with S and let P = (T(B) : B E S) be a consistency 
S-structure of r, B, B’ two distinct blocks such that p = B n B’ (see 
proposition (1.6)) and t(B) # t(B’). Denote by [T(B), T(B’)], the unique M- 
perspectivity between T(B) and T(B’); since x is the intersection of at least 
two connected lines meeting both B and B’, by (3J, p = x. Thus, the 
following proposition has been proved. 
(3.1) rf P = (T(B) : B E S) is a consistency S-structure of 5 and B, B’ 
are blocks such that t(B) # t(B’), then the unique M-perspectivity between 
T(B) and T(B’) has its centre at the point p = B n B’. Consequently T(B) c 
T(B, B’) n T(B, B”) for all B, B’, B” E S such that t(B’) # t(B) # t(B”). 
Next, some examples will be given of modular cuts consistent with a 
Dilworth structure. Let G = G(X) be a rank IZ geometry on the set X and r 
its rank function. Denote by G’ = G’(XU Y) an extension of G by the 
addition of a unique line and consider the modular cut r = t(G’, G) of Td(G) 
defined by its simple extension rd(G’) ( see proposition (2.1)). Then the 
following result holds. 
(3.2) If the rank of G is greater than three, then the modular cut 
t(G’, G) of T“(G) is consistent with the Dilworth structure D(G) associated 
with p(G). 
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Proof. Let A and ;1’ be the rank functions of rd(G) and Td(G’), respec- 
tively, and y the point in 7d(G’) corresponding to the line Y in G’. Assume 
C’ = C Uy, C # 0, is a connected closed set in rd(G’); then the closed set 
F TdcGs,(C’) in G’ ( see Section 1) properly contains Y, so that 
W=F Td(G JC 1 - y 
is a non-empty closed set in G. Consequently, by (2,) and proposition (1.3), 
C = L,(w) is a connected closed set in Td(G). Moreover, C E r, since 
n’(C’) = 1’(C) = n(C) (see proposition (1.1)) and (iv) is proved. 
Next, let B, E D(G), p E X, be a block in Td(G), D(G) being the Dilworth 
structure associated with Td(G) ( see Section 1). Denote by ai the unique 
plane in G’ containing YUp and note that, by (2,), ap = a; - Y is a plane of 
G which obviously contains p. It follows that the lines of G belonging to up 
form the unique connected line t(Bp) of the cut r which is incident with the 
block B,. Thus (v) is proved. 
With the notations in the above paragraph, for any point p E X, let 
T&,,,(B,) = T’(B,) = {(p, x) : x E Y} 
be the set of lines in G’ through p incident with Y and remark that the set 
7’,,,,(B,) = T(B,) = { px = (p, x) - x : x E Y) 
is a subset of f(Bp) f7 B,. If q E X is a point such that a; # ai, setting 
1= (p, q), the mapping 
[WA WJI, : ox E T(B,) + qx E T(B,) 
is the unique Td(G)-perspectivity between T(B,) and T(B,) in Td(G). On the 
other hand, if al, = ai, since r(G) > 3, a point t E X exists such that a; # a: 
and setting I’ = (p, t), I” = (q, t), the mapping 
LVp), W,)I;:‘= IWp), V,)I,, IV,), V4)1,,, 
is a Td(G)-projectivity in Td(G). Furthermore, it is straightforward that such 
Td(G)-projectivity does not depend on the choice of the point t. Therefore, 
the family P(G’, G) = { T(B,) : p E X} is a closed collection of Td(G)- 
projective sets and forms a consistency D(G)-structure of the cut r(G’, G). 
The statement follows. I 
In what follows the modular cut r(G’, G) and the consistency D(G)- 
structure P(G’, G) of t(G’, G) will be said to be associated with the 
extension G’ of G. 
Finally, a simple argument proves the next proposition. 
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(3.3) Let G’ = G’(XU Y) and G” = G”(X U Z) be two extensions by the 
addition of a unique line to G = G(X). Then r(G’, G) = r(G”, G) and 
%cAB,) c G”,GPp) f or any p E X iff YE Z, i.e., G’ is a subgeometry of 
G”. 
4. MODULAR CUTS CONSISTENT WITH DILWORTH STRUCTURES AND 
GEOMETRY EXTENSIONS BY THE ADDITION OF A UNIQUE LINE 
Let M = M(R) be a connected geometry on the set R of rank r(M) = n > 3, 
S = {Bi : i E K} a Dilworth structure of M, r a modular cut of M consistent 
withSandiP={T(B,):iEB} a consistency S-structure of 5. 
First of all, the next lemma will be proved. 
LEMMA. If Bi, Bj E S and t(Bi) = t(Bj), then an h E g exists such that 
t(Bi) # t(B,,) and t(Bj) # t(Bh). 
Proof. Since r(M) > 3, from proposition (1.6) it follows that there exists 
a point q E Bi - t(Bi) and, by (Id) there exists a block B,, through q other 
than Bi. If B, f7 t(Bi) # 0, then, by (3d), q E t(B,), a contradiction. Thus, 
B, ~7 t(Bi) = 0 and the statement follows. 1 
Next, for all i. j E K such that t(Bi) # t(Bj) and Bin Bj =p, set 
f i = [ T(Bi), T(B,i) Ip = the unique M-perspectivity between 
t(Bi) and t(B,), 
and 
f j = identity permutation on T(Bi). 
On the other hand, when t(Bi) = t(Bj), for any block B, such that t(B,) # 
t(BJ and t(Bj) + @A ( see the previous lemma), set 
fj=fifj”. 
Since P is a closed collection of M-projective sets, fj is well defined. When 
t(Bi) # t(B,), to point out that fj is an M-perspectivity with centre at 
p = Bi n Bj (see proposition (3. l)), the following notation will be used: 
Set 
T= u (T(B,) : iE a), 
and consider the relation y defined on T as 
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Since P is a closed collection of M-projective sets, - is an equivalence 
relation on T and the quotient Z = T/- can be considered. 
Next, some properties of C will be proved. 
(4.1) ZfV~ZandB,~,S,then vnBi#OforanyiER. 
Proof. Let p be a point in V and Bj a block through p. If Bi = Bj, the 
statement is true. If Bi # Bj, then the point f{(p) belongs to V f7 Bi and 
again the statement is true. 1 
(4.2) If V E Z and X is a non-empty subset of V, then the closure X of X 
is a connected closed set. 
Proof. If p, q are distinct points in X, then q =fj(p), where i #j; thus, in 
any case, the line (p, q) is connected. Consequently, X is contained in the 
same connected component of x so that 2 is connected. fl 
(4.3) If V, V’ E 2, V # V’, and C is a connected closed set incident with 
both V and V’, then C E z. 
Proof. Let p, q be points in R belonging to C (7 V and C n V’, respec- 
tively. If p, q belong to the same line t(B,), then C E r, since t(B,) s C and 
t(Bi) E 7. 
If p E T(B,) and q E T(B,), where Bi # Bj and t(Bi) # t(B,), then, by (3J, 
C contains the point x = Bin Bj. Therefore, the line (p, x) is contained in C 
so that the point q’ = (p, x) n T(B,) = xf$(p) belongs to C. Thus, the line 
(q, q’) = t(Bj), which belongs to 7, is contained in C and this implies C E 7. 
The statement is proved. m 
Let M’ = M’(R U z) be the simple extension of M defined by the modular 
cut 7; set 
Z’={VUz: P-EC}. 
Furthermore, denote by G = G(S) the unique geometry such that Y’(G) = M 
and D(G) = S (see proposition (1.6)). The next result is an easy consequence 
of propositions (4.1), (4.2) and (4.3). 
(4.4) The family S’ = S U .?Y’ of subsets in R V z is a Dilworth structure 
of the geometry M’ = M’(R U z) and S’ 2 S. 
Finally, putting together Theorem 1 and proposition (3.2), (4.4), the 
following theorem can be stated. 
THEOREM 3. Let G = G(X) be a geometry on the set X, of rank greater 
than three. For any modular cut 7 of the Dilworth truncation Td(G) which is 
consistent with the Dilworth structure D(G) associated with Td(G) and for 
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any of its consistency D(G)-structure Ip, there exists a unique geometry G’ = 
G’(XU Y), an extension of G by the addition of a unique line, such that 
t(G’, G) = 5, and IP(G’, G) = Ip, and conversely. In other words, a one-to-one 
and onto correspondence exists between the pairs (t, Ip), where r and P are 
defined above, and the set of the extensions of G by the addition of a unique 
line. 
5. SOME APPLICATIONS OF THEOREM 1 
In this section G = G(X) will always denote a rank n > 3 geometry, r its 
rank function, and R the set of its lines. As an application of Theorem 1 
some theorems will be proved which show how certain extensions of G can 
be glued together. 
Let G,=G,(XUy,), G,=G,(XUy,) ,..., G,=G,(XUy,), h > 1, simple 
extensions of G obtained by h distinct modular cuts of G so that y, # yz # a.. 
# y, f y, can be assumed. Moreover, assume the following property holds 
for any i= 1, 2,..., h: 
(vi) any fine L in Gi through the point yi is connected (i.e., it contains 
at least three distinct points). 
Under this hypothesis, p(G) = F’(Gi) and the Dilworth structure D(Gi) 
associated with Td(Gi) is equal to D(G) but the unique block Bi defined by 
the point yi (see Section 1). Set Y = { y, , y, ,..., y,,}. 
(5.1) The following conditions (a) and (b) are equivalent. 
(a) A unique geometry G’ = G’(X U Y) exists which is both an 
extension of G by the addition of the unique line Y and an extension of Gi for 
any i = 1, 2 ,..., h. 
(b) A simple extension M = M(R U z) exists of Dilworth truncation 
Td(G) of G such that the family 
D’ = D(G) U (Bi U z : i = 1,2,..., h) 
is a Dilworth structure. 
Proof Assume (a) holds; by (2.1), Td(G’) is a simple extension of 
Td(G); thus, it is an M = M(R U z). Moreover, from the construction 
D(G’) = D’ follows, so that (b) holds. Conversely, assume (b) holds; by 
Theorem 1, a unique geometry G’ = G’(X U Y) exists such that Td(G’) = M 
and D(G’) = D’. Consequently, recalling the construction, G’ is an extension 
of Gi for any i = 1, 2 ,..., h and (a) is true. 1 
Next, let G’ = G’(XU Y,), G* = G*(XU Y2),..., Gk = Gk(XU Yk) be 
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extensions of G = G(X) by the additions of the lines Y,, Y*,..., Y,, respec- 
tively, such that Yi f? Yj = 0 for all i,j = 1. 2 ,..., k, i #j. Set Z = (Y, U 
Y,U .-. u Y/J. 
(5.2) The following conditions (a’) and (b’) are equivalent. 
(a’) A geometry G” = G”(X U Z) exists which is both an extension of 
G by addition of the unique line Z and an extension of G’ for any 
i = 1, 2 ,..., k. 
(b’) Td(G’) = T’(G’) = . . . = r’(Gk) and [ D(Gi) - D(G)] n 
[D(Gj) - D(G)] = 0for all i, j = 1, 2,..., k, i fj; furthermore, 
D” = U (D(G’) : i = 1, 2,..., k) 
is a Dilworth structure of Td(Gi). 
Proof Assume (a’) holds; then 7d(G”) = Td(G’) for any i; moreover, 
since the points in Z all distinct, [D(G’) -D(G)] n [D(Gj) -D(G)] = 0 for 
any i # j. Finally, D(G”) = D” so that (b’) holds. 
Conversely, assume (b’) holds; by Theorem 1, a unique geometry 
G” = G”(X U Z) exists which is an extension of G by the addition of the 
unique line Z and for which Td(G”) = Td(G’) and D(G”) = D”. Thus, the 
construction of G” shows it is an extension of G’ for any i; consequently, 
(a’) holds. 1 
Keeping the same notations as before, under the assumptions Y n Z = 0, 
set L = Y U Z. Taking into account proposition (5.1) and (5.2), a simple 
argument proves the next result. 
(5.3) The following conditions (a”) and (b”) are equivalent. 
(a”) There exists an extension G”’ = G”‘(X U L) of G by the addition 
of the unique line L which is both an extension of Gi and Gj for any 
i = 1, 2 ,..., h, j = 1, 2 ,..., k. 
(b”) The condition (b’) is satisfied and the family D”’ = D’ U D” is a 
Dilworth structure of P(G). 
Finally, remark that, when the rank of G is greater than three, with the 
help of Theorem 3, conditions (b), (b’), (b”) can also be stated in terms of 
modular cuts. 
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